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by Wealton L. Howes
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National Aeronautics and Space Administration

Cleveland, Ohio

The nonrelativistic space-charge theory for a steady one-dimensional

current flow across an otherwise evacuated space between plane electrodes

leads to a theoretical maximum current density jm for a given potential

difference VZ and electrode separation 1 determined by the Child lawl.

1/2

i, = (-2eV§/m) (9n12)

(1)

Iveyzdbtained a solution to the corresponding problem of charge carriers

accelerated from rest to relativistic speeds in terms of infinite series.

However, the relativistic result can be written more concisely in terms of

elliptic integrals.
For the relativistic case the Poisson equation
a%v/ax? = -anp
becomes, in dimensionless form,

aCp/aL? = o" = (4/9)2e J(1 + 9) [(1 + €p)?

where, from continuity

from conservaticn of energy,

-eV

= (Y - 1)me

and, by definition,

_ i]-l/z

(2)




J

3/3, (9)
r=[1- s (10)

with the electric field € = 0, velocity v =0, and dimensionless poten~
tial ¢ =0 at & = 0. (The quantities p, e, v, and V are signed
quantities.) Following an elementary integration of Eq. (3) the dimension-
less electric field is obtained in the form

' = -18/V, = {(8/9)(2/e)1/2J[(1 + e)? - 1]1/% 1/2 (11)
Equation (11) cannot be solved in terms of elementary functionss; consequently,

Ivey obtained a solution using series expansions. In integral form Eq. (11)

becomes
e = (e/2)/4(83/9)™M/2 g(ase) (12)
where
glose) = [ aofea(z + eo)] "/ (13)
I ) ,

For & =1, Eq. (12) leads to
5 = (9/0)(e/2) %o = 1) (1)
which determines the ratio between the relativistic current density j and
the Child-law current density Jp+ Substituting the preceding expression for
J into Eq. (12) results in an implicit equation for the dimensionless poten-
tial distribution ¢, independent cf J, that is,
t = glpse) /el = 15¢€) (15)
The integral in Eq. (13) possesses a known solution. Iet
v/e = tanh o (16)
Then, considering Egs. (5), (8), and (10),
@ = cosh™ (1 + o) (17)

Equation (13) becomes



-3 -
glayse) = b \_[\wl(sinh )1/2 ap (18)
0
where o, corresponds to the upper limit in Eq. (13). Eq. (18) possesses

the solution®

glise) = (z/e)[sin ¥(1l - %.sin2 w)l/z(l + cos w)'l
+ (1/2)F(5,1/~/E) - B(¥,1/~/)) (19)
where
¥ = cos"l[(l - sinh cul)/(l + sinh ml)] (20)

and F(y,1/~/Z) and E(V,1/+/2) are incomplete elliptic integrals of the
first and second kinds, respectively. For values of 1V outside the

tabulated range O < ¥ < %/2, F(¥,1/~/2) end E(V¥,1/4/2) are, respectively,

given by

+F(¥,1/4/2) = Flax + ¥,1/~/2) - 20K (21)
and

+E(¥,1/4/2) = E(nn + ¥,1/+/2) - 2nE (22)

where K and E are complete elliptic integrals of the first and second
kinds, respectively, and n 1is an integer.

To complete the description, the charge-density distribution is ob-
tained by substituting the expressions for V and x given by Egs. (6)
and (7), respectively, in Eq. (2), replacing the resulting ¢" by the
right side of Eq. (3), and soiving for p. Then, defining

R=o/o, (23)
where
-1/2

ony = dy(-2eV /)2 = v f(8:2®) (24)

is the charge density at x = 1 1in the nonrelativistic limit, and applying

Egs. (8) and (9), the charge density distribution is obtained in the



dimensionless form
1/2
R = 4/2e J(1 + ep)]ep(2 + e@ﬂ- (25)
The transit time +t is in agreement with that derived by Ivey;z In a
nondimensional form,

T = J"l/z[(z + e)/2]1/4 (26)

where
T=t/t (27)

with 1%, the nonrelativistic transit time for a Child-law current.

All of the relativistic formulas reduce, as required, to the corres-
ponding known space-charge formulas in the nonrelativistic limit.
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